ABSTRACT. Measurements of the acoustic nonlinearity parameter β are frequently made for early detection of damage in various materials. The practical implementation of the measurement technique has been limited to the through-transmission setup for determining the nonlinearity parameter of the second harmonic wave. In this work, a feasibility study is performed to assess the possibility of using pulse-echo methods in determining the nonlinearity parameter β of solids with a stress-free boundary. The multi-Gaussian beam model is developed based on the quasilinear theory of the KZK equation. Simulation results and discussion are presented for the reflected beam fields of the fundamental and second harmonic waves, the uncorrected β behavior and the properties of total correction that incorporate reflection, attenuation and diffraction effects.
INTRODUCTION
Measurements of the acoustic nonlinearity parameter β are frequently made for early detection of damage in various materials. The practical implementation of the measurement technique has been limited to the through-transmission setup for determining the nonlinearity parameter of the second harmonic wave [1] [2] [3] [4] . For the purpose of practical applications, a pulse-echo measurement technique is more desirable which enables the single-side access of test components. The issue with using the second harmonic wave reflected from the stressfree interface is that such a boundary destructively alters the nonlinear generation process and consequently makes it difficult to obtain the reliable results of β.
Related previous work exists in this area for the case where a boundary is present. Buck and Thompson [5] , and Bender et al. [6] have noted that in the plane wave case with no attenuation included, the harmonic component generated during forward propagation will theoretically diminish to zero on returning to its origin after reflection from the stress-free boundary. Evidently, the implications of this finding could rule out the possibility of making harmonic generation measurements using a pulse-echo method. It should be pointed out, however, that this result was observed by using a plane wave analysis. More recently, Best et al. [7] considered the diffraction effects by modeling the pulse-echo testing in a three-dimensional framework. Contrary to previous theoretical indications based on plane wave analysis, they found detectable nonlinearity in the received second harmonic after reflection from the stress-free boundary. The numerical results were validated by experiments.
In general, the accurate β determination in a wide range of experimental conditions requires attenuation and diffraction corrections to the plane wave solution. These effects are well known for fundamental waves in linear regime, while those for second harmonic waves have not been well addressed and therefore not properly used in previous studies. In this work, we explicitly define the attenuation and diffraction corrections using the multi-Gaussian beam (MGB) equations which were developed from the quasilinear theory of the KZK equation [8] [9] [10] . Simulation results are presented for the reflected beam fields of the fundamental and second harmonic waves, the uncorrected β behavior and the properties of the total correction that include reflection, attenuation and diffraction effects.
REFLECTED BEAM FIELDS
Now consider the beam fields reflected from a planar free boundary as shown in Fig. 1 , where a pulse-echo testing is schematically shown. The boundary is present at 0 z z = from the source. In Fig. 1 The incident primary beam fields and the generated second harmonic beam fields can be obtained using the approach of Green's function 1 2 and G G [10] 1
Schematic of a pulse-echo testing configuration.
The reflected beam fields are given by Using the MGB models developed in earlier study for the fundamental and second harmonic waves, the reflected beam fields can be expressed as 
After consideration of the average pressures of the received beam fields 1r p  and 2r p  from Eqs. (3) and (4), the nonlinearity parameter β in the pulse-echo mode can be defined as
where 
REFLECTED BEAM FIELDS AND EFFECTS OF TOTAL CORRECTION
For numerical calculations using the developed MGB models, we consider a piston transducer of 2a=12.7 mm diameter radiating into aluminum sample at fundamental frequency 1 . Because the diffraction effects are ignored in this case, the presence of stress-free boundary destructively alters the nonlinear generation process and consequently no second harmonic component is obtained regardless of attenuation effects considered. Bender et al. [6] have also noted that in the one-dimensional (plane wave) case with no attenuation included, the harmonic component generated during forward propagation will theoretically diminish to zero on returning to its origin after reflection from the free boundary. . Because this case takes into account the diffraction effects using the 3D MGB model, a certain amount of second harmonic component is observed at the receiver positon, contrary to the previous simulation result based on plane wave analysis. Figure 4 shows the pulse-echo (PE) displacement amplitudes as a function of sample thickness when the sample thickness increases from 0 z = 0.05 to 0.15 m. The results are compared with the through-transmission (TT) mode of the same total propagation distance (2 0 z ). The attenuation effects were neglected in all calculations. In case of the fundamental wave, the displacement of PE mode is the same as that of the TT mode as expected. The second harmonic displacement of PE mode is generally much lower than that of TT mode in short sample thicknesses. However, the PE displacement of a thicker sample ( 0 0.1 m z ≥ ) provides as high as one third of the TT displacement. As the sample thickness increases, the PE displacement of the second harmonic becomes fairly constant while the TT mode displacement shows decreasing behavior. Figure 5 shows the variation of β without making any corrections for attenuation, diffraction or reflection. The reference value of β = 5 is also indicated. The uncorrected β for the TT mode is generally overestimated. The uncorrected β for the PE mode is more complicated. Figure 5 also shows the total correction for both PE and TT modes. The uncorrected β needs to be multiplied by the total correction in order to recover the reference β =5.0 in this case. Compared to the TT mode, the total correction of PE mode is very large and changes steeply in thin sample regions. The significance of making total corrections in determining the acoustic nonlinearity parameter in TT mode has been investigated and reported in [10] . 
SUMMARY
The feasibility study was performed to assess the possibility of using pulse-echo methods in determining the nonlinearity parameter β of solids with a stress-free boundary. The MGB model was developed based on the quasilinear theory of the KZK equation that takes into account combined effects of nonlinearity, attenuation and diffraction. Explicit formulas were provided for the reflected beam fields together with the β expression and the total correction in the pulse-echo mode. The simulation results showed some promise. The average displacement of the second harmonic wave reflected from the stress-free boundary showed a thickness-dependent behavior. In case of thick samples ( 0 0.1 m z ≥ in this study), it was found to be as large as one third or one half of the through-transmission mode of the same total propagation distance depending on the thickness. When the sample was rather thin, the average pulse-echo displacement of the second harmonic was very small and consequently the total correction to be made became very large. Therefore, the β determination in this case will largely depend on the sensitivity of second harmonic displacement measurements and on the accuracy of making total corrections.
